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Abst rac t - - In  this paper, we describe for the first time the properties of the general solution to the 
third-order ordinary differential equation ym = y-2 which is important in the study of thin viscous 
films with surface tension. This solution is then used to solve exactly a problem relevant to Tanner's 
Law for the speed of a moving three-phase contact line. 
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1. INTRODUCTION 
Problems concerning the flow of thin films of viscous fluid with a free surface in which surface 
tension effects play a role typically lead to third-order ordinary differential equations governing 
the shape of the free surface of the fluid, y = y(x). As Tuck and Schwartz [1] describe among 
these, the (appropriately nondimensionalised) equation 
y,,, = y -2  (1) 
is of particular importance because it describes the dynamic balance between surface tension and 
viscous forces in a thin fluid layer in the absence (or neglect) of gravity. The general solution 
to equation (1) was given by Ford [2] 1 who completed the partial solution of Bender and Orszag 
[3, pp. 155-158]. In this paper, we describe for the first time the properties of the general 
solution to equation (1) and use it to solve exactly a problem treated by Tanner [4] and Tuck 
and Schwartz [1] relevant o Tanner's Law for the speed of a moving three-phase contact line. 
2. GENERAL SOLUTION 
Ford [2] obtained the general solution to equation (1) by writing 
// x = -2  ~/3 d~ 1 o [z(~)l ~ , y - - [~(~)12  , (2) 
1This reference describes the solution to a problem proposed by M. A. Abdelkader. The solution was also obtained 
by C. C. Grosjean, H. De Meyer, W. B. Jordan, A. C. King, A. D. Osborne and J. E. Wilkins, as well as the 
proposer. 
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where So is an arbitrary constant. Hence, the function z = z(s) satisfies Airy's equation z" -- sz, 
and is, therefore, given by 
z(s) = c~Ai(s) +/~Bi(s), (3) 
where Ai(.) and Bi(.) denote the usual Airy functions and a and /3 are arbitrary constants. 
Ford [2] left the solution in the form of a quadrature. It is, however, possible to obtain an 
easier-to-use explicit parametric representation f the solution by performing the integration in 
equation (2) to yield 
X = 2 I /3 ;s  dS 21/37r [ Bi(s) 1' 
- - so [aAi (i) +/3Bi (i)] ~ = - - -~  [~Ai(s~ ? ]Bi(s)  J ,o '  (4) 
and hence, obtain 
x = 21/371 • Ai(s)Bi (so) - Ai (so) Si(s) , 
[aAi (So) +/3Si (So)] [aAi(s) +/3Si(s)] 
1 (5) 
Y = [aAi(s) +/3Bi(s)] 2" 
Note that since x does not appear explicitly in equation (1), we can, without loss of generality, 
shift the origin of x; this corresponds to varying so while keeping a and /3 fixed. For future 
reference, it is useful to note that y' = 22/3zl/z and y" = 21/3(z 12 - sz2). 
Voinov [5] used the substitution 
u(t) = y', t(y) = - logy ,  Y(u)  = uu' = -yy"  (6) 
to reduce equation (1) to the first-order differential equation 
y ,  = y -1  _ U. (7) 
Lacking the exact solution to this equation, Voinov [5] resorted to approximate methods. How- 
ever, we can now assert hat Voinov's equation (7) has the solution u = 22/3zl/z, Y -~ 21/3 s -u2  /2, 
where z is given by equation (3). 
3. PROPERTIES  OF THE SOLUTION 
From equation (5), evidently > 0 and the solution for y = y(x) has infinitely many branches. 
For convenience, we term the branch corresponding to s --* oo the "primary" branch and all the 
others "secondary" branches. In Figure 1, we plot y as a function of x when a = 1, so -- 0 for 
both/~ --- 0 and/3 = 1. Figure 1 clearly illustrates that there are three different ypes of solution: 
primary branches with/3 -- 0 (which are defined for all x), primary branches with/3 ~ 0 (which 
are defined only for x > x*; an explicit expression for x* is given later), and secondary branches 
(which are defined for all x). All these solutions have y > 0 everywhere, xcept for the primary 
branch in the case/3 ~t 0 which has a single moving contact line where y = 0 (albeit with infinite 
slope) at x = x*. 
Both Ixl --* oo and y --* oo when s takes one of infinitely many values that satisfy z(s) = O, i.e., 
~Ai(s) +/3Bi(s) = 0. (8) 
Near any root s = Sl of equation (8), we have 
al a2 b2 X = y q- bl -t- c16 q- O (62),  y = ~'~ Jr" - -  Jr- c2 Jr- O(6), (9) 
where 6 = s - sl and the coefficients al, bl, Cl, a2, b2, and c2 are given by 
21/3~rBi 21/3~r (2z'Bi ! z"Bi),  
al = bl = x0 - 2az,----- ~ - OtZ t
2'/alr (6zr2Bi" - 6z%"Bi' - 2z 'z"Bi  + 3z"Bi) (10) 
Cl = 12c~zl 3 
1 Z" 9Z "2 -- 4Z%"  
a2 zt 2 , b2 ZlS , 12Zt 4 , 
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F igure  1. P lo ts  o fy  asa  funct ion o fx  fo r -10  < s < 10when a = 1, so = 0 for 
(a ) /3  = 0 and  (b) 13 = 1. 
where all the functions are evaluated at s = sl and x0 denotes the value ofx at s = so. Combining 
the expressions in equation (9), we find that 
y = ax 2 + bx + c+ 0 (x - l ) ,  (11) 
as Jx I --* ~ ,  in which expression we have defined 
( a ) 2 [ 21/3~rBi' ) b2z"B i ' - z 'B i "  
a= ~ , b=2a\  ~ x0 , C=~aa + z'3Si (12) 
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As Figure 1 illustrates, the behaviour of the primary branch in the limit s ~ oo depends on 
whether ~ -- 0 or ~ ~ 0. If ~ = 0, then 
24/37re2~ 47rs1/2e2~ ( ) 
= ~------r- + o (~) ,  y = ~ + o s~/2e~ , (13) 
as s ---} oo, where ~ = 283/2/3, and so 
y ~ -x[3  log( -x)  -}- c3] 1/3, (14) 
as x --* -cx~, where C 3 ----- 31og(~2/24/31r). Thus, y, y' --+ c~ as x --+ -c~.  Alternatively, if ~ ~ 0, 
then 
?r e- 2'p 7r sl / 2 e- ( ) 
22/3------ ~ + o (e -2~) ,  y - + o sm/2e -~ , (15) - -  X*  - -  
as s --* ~ ,  and therefore, 
y ~ (x - x* ) [ -31og(x  - x*) + c4] 1/3, 
as x -x*  --* 0 +. Here c4 = 31og(Tr/22/3/~2), and we have defined 
(16) 
x* = 21/31rAi (So) 
[~Ai (So) + ;3Si (so)]" (17) 
Thus, y = 0 at x = x*, y' ---* oo as x -x*  --* 0 +, and no solution exists for x < x*. The behaviour 
as y --~ cx~ given in equations (11) and (14) is in exact agreement with the general asymptotic 
forms obtained by Bender and Orszag [3, pp. 155-158]. 
One immediate consequence of our results is that the only possible types of asymptotic be- 
haviour of any solution to an equation which reduces to equation (1) as y --* c~ are y = O(x 2) 
as x --+ c~, and either y = O(x 2) or y ,,~ -x [31og( -x ) ]  1/3 as x --* - co .  Thus, Friz's [6] numerical 
solution of the well-known Landau-Levich equation (y"' = y-2 _ y-3) that satisfies y' --* c5 as 
x --+ -cx~ (where c5 is a constant) must be in error. Recently, Kalliadasis and Chang [7] solved 
equation (1) numerically subject to quadratic behaviour as x --~ -oo.  However, the solutions 
they describe in which y ~ 0, y~ ~ 0, and y" --+ ~ at a finite value of x are inconsistent with 
the exact solution presented here, indicating an error in their analysis. 
4.  SOLUTION OF  TANNER'S  [4] PROBLEM 
Tanner [4] and Tuck and Schwartz [1] obtained accurate numerical solutions of equation (1) 
that satisfy the conditions 
y(0) = 1, y'(0) = 0. (18) 
Note that since we can rescale x and y and shift the origin of x, all solutions with a turning point 
are included in this class. In the present notation, the boundary conditions (18) require that 
Z(So) = 1, z ' ( so)  =0.  (19) 
Solving for a and ;3, we obtain ~ = ~rBi'(s0) and ;3 = -~rAi'(s0), and hence, the solution takes 
the form 
X --~ 21/3 Bi (SO) Ai(s) - Ai(s0)Bi(s) 
BF (so) Ai(s) - Ai' (So) Bi(s) ' 
1 
(20) Y ~r2[Bi ' (so) Ai(s) - AF (So) Bi(s)] 2' 
where the branch satisfying the boundary conditions (18) is that parameterised by values of s 
lying in the interval between consecutive solutions of equation (8) containing So. If  Ai'(so) = 0, 
then ~ = 0 and the primary branch extends to x -~ -oo,  as described by equation (14). 
Third-Order Differential Equation 
-1 .5  -2  -3  
Y 
2 
- 1.01879297 
67 
Figure 2. Plots of y as a function of x given by equation (20) for a range of values 
of so. 
However, if Ai'(s0) ¢ 0, then /3 ¢ 0 and the primary branch exists only for x > x*, where 
x* = 21/3Ai(so) /Af(so) .  Typical solutions for a range of values of so are plotted in Figure 2. 
Both Tanner [4] and Tuck and Schwartz [1] identified the existence of a "critical" solution that 
satisfies y" ---* 0 as x ~ -co ,  which we can now recognise as the primary branch in the case 
= 0. The critical value of So, denoted by s0~, which yields this solution is the rightmost zero of 
Ai'(s0), with numerical value s0~ -~ -1.01879297, and the solution when So = s0~ may be written 
(Bi(s0c) Bi(s)) 
x := 21/3r [Ai(soc)] 2 \Ai(s0c) Ai(s) ' 
{" Ai(s0c) ) ~ 
Y = \ Ai(s) (21) 
The primary branch corresponds to values of s satisfying s > sic, where sic is the rightmost zero 
of Ai(sl), so that sic -~ -2.33810741. This branch, which is included in Figure 2, exists for all x 
and satisfies y > 1. Its curvature at x = 0 (i.e., at s = s0~) is given by 
y"(0) = -21/3Soc -- 1.28359871, (22) 
in agreement with Tanner's [4] value of 1.283 and Tuck and Schwartz's [1] value of 1.2836. 
Furthermore, 
lim y"(x)  = 21/3 ~Ai' (s ic))  2" x--.~ \-A-~I (s-~c) ~_ 2.15907407, (23) 
in agreement with Tuck and Schwartz's [1] value of 2.1591. These results provide welcome ana- 
lytical confirmation of the high accuracy of the earlier numerical work. We note, however, that 
since we now know that not all solutions have a turning point (for example, the primary branch 
shown in Figure lb does not), we can see that both these numerical treatments are incomplete. 
5. TANNER'S  LAW 
Tanner [4] conducted a series of experiments on the spreading of droplets of silicone oil, from 
which he obtained a relationship between the speed of the three-phase contact line and the 
maximum slope of the droplet, now usually referred to as Tanner's Law. Motivated by these 
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experimental results, Tanner [4] solved equation (1) numerically subject o the boundary condi- 
tions (18) for values of y"(0) "slightly less" than the critical value -21/3soc. From these numerical 
calculations, Tanner [4] obtained an expression for the slope of the free surface at the inflection 
point as a function of the height of the free surface at the inflection point (xi, Yi) in the form 
yt (Xi) = __ [(~1 (Yi)] -1/3" (24) 
In the range 50 < Yi < 2000, Tanner [4] obtained a logarithmic fit for the function ¢1 = ¢l(Yi) 
given by 
¢1 (Yi) = 0.879 [log yi] -1"353 . (25) 
Using the exact solution given in equation (20), it may be shown that (~1 is given parametrically 
in terms of so by 
1 1 
~1 4S3/2 , Yi ~r ~ [Bi' (so) Ai (si) - -  Ai' (so) Bi (si)] 2' (26) 
where 8 i is the value of s where y" = 0, so that si is the solution of 
[Ai' (8i) Bi' (so) - Bi' (si) Ai' (s0)] 2 = si [Ai (si) Bi' (so) - Bi (si) Ai' (s0)] 2 . (27) 
This exact solution shows that in the range 50 < Yi < 2000, the error in Tanner's logarithmic 
fit for the function ¢1 given by equation (25) is no more than approximately 2%. Note that the 
values of So corresponding to values of Yi in this range are all close to s0c. For example, so = -1  
corresponds to si = 0.861407, and hence, xi = -6.79647, Yi = 9.18179, and ¢1 = 0.312699, 
while so = -1.018 corresponds to si = 1.84139, and hence, xl = -66.6906, Yl = 134.144, and 
¢1 = 0.100051, and so = -1.01873 corresponds to si = 2.55339, and hence, xi -- -538.199, 
Yi = 1312.73, and ¢1 -= 0.0612722. 
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